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Abstract

The incorporation of temporal semantics into the tradi-
tional data mining techniques has caused the creation of
a new area called Temporal Data Mining. This incorpo-
ration is especially necessary if we want to extract useful
knowledge from dynamic domains, which are time-varying
in nature. Related to this topic, we proposed in [11] an
algorithm named TSET for mining temporal patterns (se-
quences) from datasets. In this paper, we present an exten-
sion of the algorithm based on the incorporation of fuzzy
sets techniques into the mining process in order to extract
general, flexible, and temporal patterns which reflects the
uncertainty and imprecision presented in real domains.

1. Introduction

Data mining is an essential step in the process of knowl-
edge discovery in databases that consists of applying data
analysis and discovery algorithms that produce a particular

enumeration of structures over the data [9]. There are
two types of structures: models and patterns. So, we can
talk about local and global methods in data mining [17]. In
the case of local methods, the simplest case of pattern dis-
covery is finding association rules [2]. The initial motiva-
tion for association rules was to aid in the analysis of large
transactional databases. The discovery of association rules
can potentially aid decision making within organizations.
Another approach is integrating the data mining process
into the development of Knowledge Based Systems [19].

Since the problem of mining association rules was in-
troduced by Agrawal in [2], a large amount of work has
been done in several directions, including improvement of
the Apriori algorithm, mining generalized, multi-level, or
quantitative association rules, mining weighted association
rules, fuzzy association rules mining, constraint-based rule
mining, efficient long patterns mining, maintenance of the
discovered association rules, etc. We want to point out
the work in which a new type of association rules was in-

troduced, the inter-transaction association rules [16, 15].
Temporal data mining can be viewed as an extension of this
work.

Temporal data mining can be defined as the activity of
looking for interesting correlations or patterns in large sets
of temporal data accumulated for other purposes [7]. It has
the capability of mining activity, inferring associations of
contextual and temporal proximity, some of which may also
indicate a cause-effect association. This important kind of
knowledge can be overlooked when the temporal compo-
nent is ignored or treated as a simple numeric attribute [22].

Data mining is an interdisciplinary area which has re-
ceived contributions from a lot or disciplines, mainly from
databases, machine learning and statistic. In [26] we found
a review of three books, each one written from a differ-
ent perspective. Although each perspective make strong
emphasis on different aspects of data mining (efficiency,
effectiveness, and validity), only when we simultaneously
take these three aspects into account we may get success-
ful data mining results. However, in the case of tempo-
ral data mining techniques, the most influential area is ar-
tificial intelligence because its work in temporal reasoning
have guided the development of many of this techniques.
In non-temporal data mining techniques, there are usually
two different tasks, the description of the characteristics of
the database (or analysis of the data) and the prediction of
the evolution of the population. However, in temporal data
mining this distinction is less appropriate, because the evo-
lution of the population is already incorporated in the tem-
poral properties of the data being analyzed.

We can found in the literature a large quantity of tem-
poral data mining techniques. We want to highlight some
of the most representative ones. So, we can talk about se-
quential pattern mining [3], episodes in event sequences
[18], temporal association rules mining [4, 12, 13], discov-
ering calendar-based temporal association rules [14], pat-
terns with multiple granularities mining [7], and cyclic as-
sociation rules mining [20]. However, there is an important
form of temporal associations which are useful but could
not be discovered with this techniques. These are the inter-



transaction associations presented in [15, 16]. The intro-
duction of this type of associations was motivated by the
observation that many real-world associations happen un-
der certain context, such as time, place, etc. In the case
of temporal context, inter-transactional associations repre-
sents associations amongst items along the dimension of
time. Due to the number of potential association becomes
extremely large, the mining of inter-transaction association
poses more challenges on efficient processing than classical
approaches. In order to make the mining of inter-transaction
associations practical and computationally tractable, several
methods have been proposed in [24, 23, 10].

Working in the same direction, in [11] we presented an
algorithm named TSET based on the inter-transactional
framework for mining frequent sequences (also called fre-
quent temporal patterns or frequent temporal associations)
from several kind of datasets. The improvement of the pro-
posed solution was the use of a unique structure to store
all frequent sequences. The data structure used is the well-
known set-enumeration tree, commonly used in the data
mining area [1, 5, 6, 8], in which the temporal semantic is
incorporated. Although the algorithm can extract very inter-
esting temporal patterns, the strictness of the process leads
to a method that is not very useful in a lot of application
domains where uncertainty and imprecision are presented.
The aim of this paper is to extend the algorithm introduc-
ing fuzzy sets techniques into the mining process in order
to make it more expressive and flexible. This enhance leads
into a general framework capable of extract general, practi-
cal and flexible temporal patterns.

The remainder of the paper is organized as follows.
Section 2 gives a formal description of the problem of
mining frequent generalized temporal patterns (sequences)
from datasets. Section 3 introduces the algorithm named
TSET f . Section 4 presents an example to illustrate the
fuzzy approach proposed. Conclusions are finally drawn in
Section 5.

2. Problem Description

In this section we describe our notation, some basic def-
inition, and we introduce the goals of our algorithm.

Definition 1 A dataset D is an ordered sequence of records
D[0], D[1],..., where each D[i] can have col attributes,
c[0],...,c[col-1]. The 0-attribute will be the dimensional at-
tribute, the temporal data associated with the record, ex-
pressed in temporal units. The rest of attributes can be
quantitative or categorical. We assume that the domain of
each attribute is a finite subset of non-negative integers, and
we also assume that the structure of time is discrete and
linear. Due to every event registered has its absolute date
identified, we represent the time for events with an absolute

dating system [21]. In order to simplify the calculations, we
transform the original dataset subtracting the date of each
record from the date of the first record, the time origin.

With this generic definition of dataset, and with minimal
modifications, the algorithm that we propose works with
different types of sources, that is, relational databases,
transactional databases and data streams.

Definition 2 An event e is a 3-tuple (c[i], v, t), where 0 <
i < col, v ∈ dom{c[i]}, and t ∈ dom{c[0]}, that is, t ∈ N.
Events are ”things that happen”, and they usually represent
the dynamic aspect of the world [21]. In our case, an event
is related to the fact that a value v is assigned to a certain
attribute c[i] with the occurrence time t. We will use the
notation e.c, e.v, and e.t to set and get the attribute, value,
and time variables related to the event e. The set of all
distinct pairs (c[i],v) can be also called event types.

Definition 3 Given two events e1 and e2, we define the ≤
relation as follows:

1. e1 = e2 iff (e1.t = e2.t) ∧ (e1.c = e1.c) ∧ (e1.v =
e1.v)

2. e1 < e2 iff (e1.t < e2.t) ∨ ((e1.t = e2.t) ∧ (e1.c <
e2.c))

We assume that a lexicographic ordering exists among the
pairs (attribute, value) in the dataset.

Definition 4 A sequence (or event sequence) is an ordered
set of events S = {e0, e1, ..., ek}, where ei < ei+1, for all
i = 0,...,k-1. Obviously, |S| = k + 1. Note that different
events with the same temporal unit can belong to the same
sequence. Also, the same events with different temporal unit
associated can belong to the same sequence. But never-
theless, in any sequence there will exist two or more pairs
(attribute, value) associated to the same temporal unit. In
other words, an attribute can not take two different values
in the same instant.

Definition 5 Let Utmin be the minimal dimensional value
associated to the sequence S. In other words, Utmin =
min{ei.t}, for ei ∈ S. If Utmin = 0, we say that S is
a normalized sequence. Note that any non-normalized se-
quence can be transformed into a normalized one through
a normalization function.

Example 1 Let S1 = {(0, 0, 0), (1, 0, 0), (3, 0, 2)}, and
S2 = {(0, 0, 3), (1, 0, 3), (3, 0, 5)} be two sequences. S1

is a normalized sequenced, since it has the minimal value
equal to 0 for the temporal dimension. But S2 is not
a normalized sequence, because its minimal value is not
equal to zero. However, we can normalize S2 by sub-
tracting its minimal value (Utmin = 3) from the tem-
poral values as follows: S′

2 = {(0, 0, 3 − 3), (1, 0, 3 −



3), (3, 0, 5−3)}, resulting in the normalized sequence S′
2 =

{(0, 0, 0), (1, 0, 0), (3, 0, 2)}.
Let Utmax be the maximal dimensional value associated to
the sequence S. This value indicates the maximum distance
amongst the events belonging to the normalized sequence
S. In other words, Utmax = ek+1.t, where |S| = k + 1.
From both, confidence and complexity points of view [15],
this value will be always less or equal than a user-defined
parameter called maxspan, denoted by w.

Here we introduce the definitions that extend the previous
problem definition. The extension is based in the relaxation
of the counting method in which the concept approximate
temporal distance amongst events is taking into account. In-
stead of extract rigid patterns like ”it is likely that the event
1 occurs one temporal unit after the occurrence of the event
2”, we will obtain flexible patterns like ”it is likely that the
event 1 occurs approximately one temporal unit after the
occurrence of the event 2”. The term approximately im-
plies that the event 2, for example, could happened 0, 1 or
2 temporal units after. This relaxation let us extract useful
patterns from datasets where uncertainty and imprecision
are present.

Our approach consists in the use of a fuzzy set [25] in
the counting method. This user-defined fuzzy set represent
the meaning of the linguistic term ”approximately equal
to”, defined by a 0-centered fuzzy number with member-
ship function µz .

Moreover, if the user wants to obtain sequences defined
over a temporal unit that is different from the temporal unit
specified in the dataset, the algorithm allows to set a pa-
rameter g that represents the granularity of the temporal
dimension. For example a user can obtain sequences ex-
pressed in weeks from a dataset expressed in days setting
the parameter g = 7.

Having said that, next we present the formulae for com-
puting the support of a sequence.

Definition 6 Given an event ei, we define the occurrence
degree of its type event associated (ei.c, ei.v) in the instant
”x” as:

Occx (ei.c, ei.v) = max {µz (gx − e.t)}
∀e ∈ D / e.c = ei.c ∧ e.v = ei.v

(1)

Definition 7 The support (frequency) of a sequence S =
(e1, e2, . . . , en) over the dataset D is defined as:

Sop(S) =
1
|D|

∑

x

(
min {Occx+g×ei.t(ei.c, ei.v)}i=1...n

)

(2)
where the Occ function applied to the first event of the se-
quence e1 always uses a singleton as its µz membership
function while the other events use the µz specified by the
user.

Definition 8 A general sequence is a sequence whose sup-
port value has been calculated with the previous formula.

Definition 9 A frequent sequence is a normalized sequence
whose support is greater or equal than a user-specified
threshold called minimum support minsup.

Given a dataset and minsup, the goal of general temporal
pattern (or general sequence) mining is to determine in the
dataset all the frequent general sequences whose support are
greater than or equal to minsup.

3. The TSET F Algorithm

In this section we describe the algorithm that we pro-
pose for the mining of all frequent sequences from a dataset.
TSET f follows the same basic principles as most apriori-
based algorithms [2]. Frequent sequence mining is an itera-
tive process, and the focus is on a level-wise pattern gen-
eration. At the beginning, all frequent 1-sequences (fre-
quent events) are found, these are used to generate frequent
2-sequences, then 3-sequences are found using frequent 2-
sequences, and so one. In other words, (k+1)-sequences
are generated only after all k-sequences have been gener-
ated. On each cycle, the downward closure property is used
to prune the search space. This property, also called anti-
monotonicity property, indicates that if a sequence is in-
frequent, then all super-sequence must also be infrequent.
Figure 1 outlines a generalized frequent sequences mining
algorithm.

algorithm TSET f (dataset D, minsup m, maxspan w)
begin

tree.init(D, m, w );
tree.getSequences(D, m, w);
Output(tree);

end;

Figure 1. TSET f Algorithm

The first step consists in the creation and initialization of
the data structure. The ”init” method that outlines Figure
2 returns the frequent 1-sequences (frequent events) found
in the dataset. It uses a Binary Search Tree auxiliar struc-
ture to compute effectively the support of the events pre-
sented in the dataset. The inorder traversal of this structure
produces the 1-sequences lexicographically ordered. The
”getSequences” method (see Figure 3) obtain iteratively the
frequent k-sequences using a queue structure. After gen-
erating the candidate set, which consists in copying all the
events to the right of a given event in the newNode, and



procedure init(tree, dataset D, minsup m, maxspan w)
begin

BST auxiliarTree = ∅;
foreach record i in D

foreach non-dimensional attribute j in record
auxiliarTree.insert(D[i].c[j], D[i].c[j].v, D[i].c[0]);

tree.insert(auxiliarTree.traverseInOrder(m));
end;

Figure 2. The code for the method init

procedure getSequences(tree, dataset D, minsup m, maxspan w)
begin

Queue Q = ∅;
Q.push(tree.root);
while (Q �= ∅)

begin
act = Q.pop();
foreach node n in act

newNode = n.getCandidates();
newNode.evaluateSupport(D, w);
newNode.pruningInFrequent(m);
if(newNode �= ∅)
begin

n.child = newNode;
Q.push(newNode);

end;
end;

end;

Figure 3. The code for the method getSe-
quences

pruning the infrequent sequences, the new node is pushing
into the queue for the next kth-cycle.

We want to highlight that the unique difference between
TSET and TSET f is the evaluateSupport() method which
use the formulae shown in equation drawn in Definition 7.

4. Example

We will use a synthetic dataset to illustrate the fuzzy a-
pproach proposed in this work. Suppose that, after some
preprocessing, we have obtained the dataset D shown in Ta-
ble 1, where T represents the temporal attribute expressed
in days and C1 and C2 two descriptive attributes.

To test the TSET f algorithm we will try to find mea-
ningful sequences in the datasets working with days and

Table 1. An example dataset
T C1 C2 T C1 C2

0 0 0 16 1 1
1 1 2 17 0 1
2 2 1 18 1 2
3 0 1 19 0 1
4 1 0 20 2 1
5 1 1 21 1 2
6 1 0 22 1 1
7 1 1 23 1 2
8 1 2 24 2 1
9 2 1 25 1 1
10 1 2 26 0 0
11 0 1 27 1 1
12 2 1 28 2 1
13 1 1 29 1 0
14 0 0 30 0 1

weeks and using strict and approximate distance computa-
tions. We assume that the user set the linguistic term ”ap-
proximately equal to 0” to the fuzzy number shown in Fig-
ure 4, and maxspan at 2 temporal units.

1

0
0 1 2 3 4−1−2−3−4

0.5

Figure 4. The user-defined fuzzy number as-
sociated with the linguistic term "approxi-
mately equal to 0"

• g = 1 (days)

Using g = 1 we try to find frequent sequences ex-
pressed in the same temporal units of the D dataset.

When a rigid distance computing is used, the method
can not distinguish some imprecise temporal associa-
tions. Setting minsup = 0.3, the algorithm extracted
the following sequences:

S1 = ((0, 1, 0)), sup = 0.516129

S2 = ((0, 1, 0), (1, 1, 1)), sup = 0.354839

S3 = ((1, 1, 0)), sup = 0.580645

S4 = ((1, 1, 0), (0, 1, 1)), sup = 0.322581

S5 = ((1, 1, 0), (1, 1, 2)), sup = 0.322581

If we use a flexible distance computing, the algorithm
extracts frequent sequences that the classical model



does not discover. For minsup = 0.4, the discovered
sequences are:

S1 = ((0, 1, 0)), sup = 0.516129

S2 = ((1, 1, 0)), sup = 0.580645

S3 = ((1, 1, 0), (0, 1, 1)), sup = 0.435484

S4 = ((0, 1, 0), (1, 1, 1)), sup = 0.435484

S5 = ((1, 1, 0), (0, 1, 2)), sup = 0.419355

S6 = ((1, 1, 0), (1, 1, 1)), sup = 0.403226

S7 = ((1, 1, 0), (1, 1, 2)), sup = 0.435484

S8 = ((1, 1, 0), (0, 1, 1), (1, 1, 2), sup = 0.403226

We can observe that with a greater minsup value, we
obtain more sequences with a greater support. This is
an very interesting result because with lower computa-
tional effort (the search space is lower due to the tree
prune) we obtain more interesting results.

• g = 7 (weeks)

Using g = 7 we try to find frequent sequences ex-
pressed in weeks.

When a rigid distance computing is used, we need to
set a lower minsup value to discover some frequent
sequences. With minsup = 0.3 the algorithm extracts
the following sequences:

S1 = ((0, 1, 0)), sup = 0.516129

S2 = ((1, 1, 0)), sup = 0.580645

With minsup = 0.2:

S1 = ((0, 0, 0)), sup = 0.258065

S2 = ((0, 1, 0)), sup = 0.516129

S3 = ((1, 1, 0)), sup = 0.580645

S4 = ((0, 1, 0), (1, 1, 0)), sup = 0.225806

S5 = ((0, 1, 0), (1, 1, 1)), sup = 0.258065

S6 = ((1, 1, 0), (1, 1, 1)), sup = 0.225806

And setting minsup = 0.15:

S1 = ((0, 0, 0)), sup = 0.258065

S2 = ((0, 2, 0)), sup = 0.193548

S3 = ((0, 1, 0)), sup = 0.516129

S4 = ((1, 0, 0)), sup = 0.193548

S5 = ((1, 1, 0)), sup = 0.580645

S6 = ((1, 2, 0)), sup = 0.193548

S7 = ((0, 0, 0), (1, 1, 0)), sup = 0.16129

S8 = ((0, 1, 0), (0, 1, 1)), sup = 0.16129

S9 = ((0, 1, 0), (1, 1, 0)), sup = 0.225806

S10 = ((0, 1, 0), (1, 1, 1)), sup = 0.258065

S11 = ((0, 1, 0), (1, 1, 2)), sup = 0.193548

S12 = ((0, 1, 0), (1, 2, 0)), sup = 0.193548

S13 = ((0, 2, 0), (1, 1, 0)), sup = 0.193548

S14 = ((1, 1, 0), (0, 1, 1)), sup = 0.193548

S15 = ((1, 1, 0), (0, 1, 2)), sup = 0.16129

S16 = ((1, 1, 0), (1, 1, 1)), sup = 0.225806

S17 = ((1, 1, 0), (1, 1, 2)), sup = 0.193548

Using the fuzzy approach, the support of the sequences
associated to approximated temporal associations is
increased, leading to a clear differentiation between
meaningful and less important sequences. With a
higher minsup value, we obtain more significative se-
quences. With minsup = 0.3:

S1 = ((0, 1, 0)), sup = 0.516129

S2 = ((1, 1, 0)), sup = 0.580645

S3 = ((0, 1, 0), (1, 1, 0)), sup = 0.370968

S4 = ((0, 1, 0), (1, 1, 1)), sup = 0.33871

S5 = ((1, 1, 0), (0, 1, 1)), sup = 0.306452

S6 = ((1, 1, 0), (1, 1, 1)), sup = 0.33871

5. Conclusions

In this paper we have presented an extension of an algo-
rithm which extract temporal patterns from datasets. The
extension is based on the relaxation of the counting method
using fuzzy techniques. Using a flexible distance com-
puting, the algorithm extracts frequent sequences that the
classical model does not discover.

If we set the parameter µz to a singleton 0-centered and
g = 1, the behavior of the TSET f algorithm is exactly the
same of TSET , so we can say that the former is a genera-
lization of the last one.
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